
Operator content of the XXZ chain

This article has been downloaded from IOPscience. Please scroll down to see the full text article.

1988 J. Phys. A: Math. Gen. 21 L117

(http://iopscience.iop.org/0305-4470/21/3/001)

Download details:

IP Address: 129.252.86.83

The article was downloaded on 31/05/2010 at 15:34

Please note that terms and conditions apply.

View the table of contents for this issue, or go to the journal homepage for more

Home Search Collections Journals About Contact us My IOPscience

http://iopscience.iop.org/page/terms
http://iopscience.iop.org/0305-4470/21/3
http://iopscience.iop.org/0305-4470
http://iopscience.iop.org/
http://iopscience.iop.org/search
http://iopscience.iop.org/collections
http://iopscience.iop.org/journals
http://iopscience.iop.org/page/aboutioppublishing
http://iopscience.iop.org/contact
http://iopscience.iop.org/myiopscience


1. Phys. A: Math. Gen. 21 (1988) L117-120. Printed in the UK 

LETTER TO THE EDITOR 

Operator content of the XXZ chain 

F C Alcarazt, M Baaket, U Grimmt and V Rittenbergt 
+ Departamento de Fisica, Universidade Federal de S%o Carlos, C P  616, 13560 Si0 Carlos, 
SP, Brazil 
$ Physikalisches Institut der Universitat Bonn, Nussallee 12,5300 Bonn 1, Federal Republic 
of Germany 

Received 26 October 1987 

Abstract. The finite-size scaling spectra of the XXZ Heisenberg chain are presented for 
even and odd numbers of sites, respectively. The operator content is given for free as well 
as for toroidal boundary conditions. 

The X X Z  model is defined by the Hamiltonian 

where ux, U' and U' are Pauli matrices. The properties of its finite-size scaling spectrum 
have recently been investigated by several authors using both analytic and numerical 
methods (Alcaraz et a1 1987a, b, c, Hamer et a1 1987, Hamer and Batchelor 1988, 
Woynarovich 1987). It is the aim of this letter to give a conjecture for the whole 
operator content of the model for various boundary conditions ( BC). This conjecture 
is based on all previously known results, on further numerical studies (Bethe ansatz 
calculations with numerical solution of the transcendental equations as well as ordinary 
finite-size calculations up to 18 sites) and on extended modular invariance. 

The global symmetry of the infinite system is O(2) .  In the basis 

a;' = uy i iu; U? = U; (2) 
the Hamiltonian is invariant under the transformations 

I 

U;;"= Amnu: 

where the matrices A"" form the O ( 2 )  group 

n = - l  

92 = {G( 6)C"  16 E [0,277), a = 0,1} 2 O ( 2 )  

where 

G ( I ~ ) = [ ~ ; ' ~  0 0  1 0 )  
C = ( y  0 0  ;l A). o e" 

We now specify the boundary conditions for the Hamiltonian (1 ) .  
(a) Free boundary conditions ( I f F )  

U ; + ,  = Uh+I = ux+1= 0. 
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(3) 

(4) 

( 5 )  

( 6 )  
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(b)  Toroidal boundary conditions ( H E )  

where B is one of the matrices of (4). Two Hamiltonians H'I and HE> have the same 
spectrum if the group elements B ,  and B2 belong to the same conjugacy class. The 
conjugacy classes of O(2) are as follows. 

(1): (1) (11): {G(.rr)) (111): {G(6) ,  G(-6)) V 6 f 0 , T  
(8) 

(IV): { G ( ~ ) C / ~ E [ O , ~ T ) } .  

The global symmetry of the Hamiltonian with free BC ( H F )  is O(2). The same is 
true for periodic ( B  = U )  and antiperiodic ( B =  G ( T ) )  BC. The symmetry for the 
elements of the conjugacy classes (111) is SO(2) = { G( 6) 1 6 E [ 0 , 2 ~ ) }  and for the 
Hamiltonian H B  where B is one of the elements of the conjugacy class (IV), e.g., 
G(6)C, it is only Z2O2,={I, G(6)C, G ( T ) ,  G ( n +  6 ) C ) .  (These are the symmetries 
for an eoen number of sites; for an odd number of sites one has to keep in mind that 
one has spin-: waves.) 

Before we present our results, let us specify the notation (see von Gehlen et a1 
(1988) for further details). Since the central charge of the Virasoro algebra is c = 1 
for the Hamiltonian ( l ) ,  the operator content for free BC will be given in terms of 
primary operators ( A )  of the U ( l )  Kac-Moody algebra with a character function 

1 
,yA(z) =Tr(zLO) = z4 fi -. 

m = l  1 - z m  (9) 

The operator content for the Hamiltonian with BC (7) will be given in terms of primary 
operators ( (A) ,  (A)) of two commuting U(l)  Kac-Moody algebras. 

The finite-size scaling limits of the spectra have to be computed separately for even 
numbers of sites ( N )  and odd numbers of sites. The operator content for an odd 
number of sites will be given taking as a reference energy the ground-state energy for 
an even number of sites. For example, if one takes free boundary conditions and the 
ground-state energies for N sites are E:( N ) ,  we take as reference energy for 2N + 1 sites 

E ~ ( 2 N + l ) = t ( E , F ( 2 N ) + E , F ( 2 N + 2 ) )  (10) 
and consider Ef (2N+l) -E; (2N+l)  as the first energy gap. For toroidal BC all 
energies are related to the ground-state energy of the system with periodic BC and an 
even number of sites. 

The charge operator which commutes with the Hamiltonian (except in the case 
when the BC belongs to the conjugacy class (IV)) is 

N d = ;  c a;. 

Notice that the eigenvalues (Q) are integer (half-integer) when N is even (odd). 

(see (1 j )  is simpler when it is expressed in terms of 
It turns out that the dependence of the operator content on the coupling constant 

We now list the operator content for various BC. 
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(i) Free boundary conditions. If we denote by if; the operator content for the 

‘iYG = ( Q2/4h) ( 1 3 )  

(ii) Toroidal boundary conditions. The operator content for the conjugacy classes 

charge sector Q we have 

where Q is an  integer or half-integer. 

( I ) ,  (11 )  and  (111)  can be given in a compact form. With the notation 

o s 1 < 1  d v + l  = (14) 
i 2 x i l  * I  

U;‘,, = e  U ,  

the operator content in the charge Q sector is 

[ Q + 4 h ( l +  m)]’ 
“ = @  m e Z  (( 16h )‘( 16h 

[ Q - 4 h ( l +  m)]’ 

where Q is an  integer or half-integer. 

transformation (4) as a typical element), we have for N euen 
For the conjugacy class (IV) (we take the BC given by the charge conjugation C 

‘iY:=t,m++ = G = + m -  = ({hi}. {ik})@({&}, {&I) 
y c  (16) 

Here, G( n-) = *, C = i are the eigenvalues of the G( n-) and C operators which generate 
the Zz@Z, symmetry of the boundary condition C and 

Q C = - , G ( n ) = +  = g : ’ = - , G ( ~ l = -  = ({A>, {&})@({&), {A}). 

For N odd we have 

Here, the eigenvalues of C and G(n) cannot be measured simultaneously which is a 
consequence of the spin-; waves. 

Now let us give some justification for expressions (131, (15), (16) and (18). First 
of all the finite-size spectrum for N even ( Q  is an  integer in ( 1 3 )  and (15) as well as 
(16)) can be obtained as the large-n limit of the 2, models (see von Gehlen et a1 
1988). The dimensions of (15 )  (again where Q is an  integer) also satisfy the conditions 
of extended modular invariance (Suranyi 1987). We could not find similar arguments 
for half-integer Q but we have checked (Baake et a1 1987) that for the points h = N 2 / 4  
where one has SU(2) Kac-Moody symmetry, the sectors with half-integer charge give 
representations of shifted SU(2) Kac-Moody algebras. 

The analytic expressions for the operator content of the X X Z  chain allow one  to 
clarify the known connection between this model and other models with c < 1 .  This 
is going to be the subject of another publication. 
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